In this paper we derive quark model results for scattering amplitudes and equivalent low energy potentials for heavy meson pairs, in which each meson contains a heavy quark. This "BB" system is an attractive theoretical laboratory for the study of the nuclear force between color singlets; the hadronic system is relatively simple, and there are lattice gauge theory (LGT) results for V BB (r) which may be compared to phenomenological models. We find that the quark model potential (after lattice smearing) has qualitative similarities to the LGT potential in the two B * B * channels in which direct comparison is possible, although there is evidence of a difference in length scales. The quark model prediction of equal magnitude * email: barnes@orph01.phy.ornl.gov † email: nblack@nomad.phys.utk.edu ‡ email: dean@orph01.phy.ornl.gov § email: swanson@unity.ncsu.edu 
I. INTRODUCTION
The origin of the residual strong force between hadrons is a complicated problem.
Several distinct scattering mechanisms have been suggested as important contributors to interhadron forces, and it may be difficult to distinguish these experimentally. As an example, models of the NN force have been proposed which include t-channel meson exchanges, short-range quark-gluon interactions, intermediate s-channel excitation of ∆ baryons, and various other effects. Comparisons with NN data alone may not determine the relative importance of these mechanisms, since one might find an unphysical parameter set that happens to describe the data well with a particular scattering mechanism, especially if there are many free parameters. This complication is illustrated by a "confusion theorem" which notes that the two mechanisms most often assumed in models of the NN force, t-channel meson exchange and quark interchange, can easily be misidentified since they correspond to identical flavor flow. Both scattering mechanisms are of course present in nature, and the problem is to determine their relative importance as a function of separation. One can see that they are physically distinct because they represent scattering through intermediate states in different sectors of Hilbert space, one additionalpair for meson exchange versus no extra pairs for quark interchange.
Lattice gauge theory provides an attractive opportunity to isolate the contributions of the various mechanisms that have been proposed for residual interhadron forces. By taking the limit of a very heavy "b" quark and introducing sources for B = bq mesons, one can study the energy of a meson pair as a function of separation [1] [2] [3] [4] [5] [6] . (We follow [6] and use B generically to refer both to a pseudoscalar B and a vector B * ; technically bq is an anti-B meson, but the results for scattering amplitudes and potentials are identical.)
A lattice B meson has a fixed heavy-quark coordinate, and in the BB system one can use this to determine the energy E BB (r) of the BB pair as a function of center-of-mass separation. The difference between this energy and that of two isolated B mesons provides a natural definition of the V BB (r) interhadron potential. By changing the initial and final coordinates of the light-quark Green functions one can in effect vary the light quark flavor, and thereby determine the identical BB (actually I=1) and distinguishable The paper is organised as follows: Section II introduces the Coulomb plus linear quark model and the technique used to evaluate hadron-hadron T-matrix elements, and carries out the detailed evaluation with SHO wavefunctions. Section III gives the general relation between the T-matrix and equivalent local potentials, and uses this to derive the BB potentials. Section IV discusses the details of these BB quark model potentials and compares these to LGT results, and studies the possible formation of bound states using the BB Schrödinger equation. Finally, Section V gives a summary and conclusions.
II. BB T-MATRIX FROM THE QUARK-GLUON INTERACTION

A. Method and previous applications
The technique we use to determine quark model V BB (r) potentials is to evaluate the lowest (Born) order T-matrix element of the interquark Hamiltonian between two-meson scattering states, which is then Fourier transformed to give an equivalent low-energy potential. The interaction assumed is the OGE color Coulomb and spin-spin interaction and linear scalar confinement. The effective interquark hamiltonian for this interaction is
where the sum runs over all pairs (i, j) of valence quarks and antiquarks that are in different initial hadrons. (Pairs of quarks in the same hadron contribute to hadron energies rather than to scattering; the partition of H into H 0 and H I in this formalism is wellknown in atomic physics, and is discussed elsewhere in the hadronic context [7, 8] . [10] ; this may be due to short-distance correlations in the nucleon's three-quark wavefunction, which is not included in our simple Gaussian forms.) In all these successfully modelled reactions there is of course no onepion-exchange term, since a three-pseudoscalar vertex is not allowed. There are also no s-channel resonance contributions; these specific reactions were studied precisely because they do not have the complication of valenceannihilation. Studies of the NN interaction in the quark model [11] , using both perturbative and nonperturbative techniques, have found a large short-range repulsive NN core interaction due to this OGE interaction, and similarly conclude that the dominant core interaction at short distances arises from the OGE spin-spin hyperfine term.
B. Evaluation of BB scattering amplitudes
In this paper we evaluate the contribution of all three terms in Eq.(1) to the BB Tmatrix elements {T fi } and potentials {V BB (r)}. These will be presented with separate flavor, color, spin and space factors, so the BB case can easily be generalized to other BB spin channels. Although the spin-spin hyperfine term was found to be dominant in light pseudoscalar-pseudoscalar S-wave scattering, in BB we also expect the color Coulomb interaction to be important, since it must dominate at short distances. We will derive the {T fi } for general quark masses, withm the light (antiquark) mass and m the heavy "b quark" mass.
To evaluate the meson-meson potential we first calculate the matrix element of the quark Hamiltonian Eq.(1) between two-meson initial and final states. Conservation of three-momentum implies that this matrix element is of the form
(In previous scattering calculations we instead gave results for a Hamiltonian matrix element h fi , which is trivially related to the Born-order T-matrix element by h fi = T fi /(2π) 3 .) In our earlier discussion of ππ scattering [7] we distinguished the four scattering diagrams according to which pair of constituents interacted; these are "capture 1 "
(C1), "capture 2 " (C2), "transfer 1 " (T1) and "transfer 2 " (T2); see Fig.1 . The hadronhadron T fi matrix element for each diagram can conveniently be written as an overlap integral of the meson wavefunctions times the underlying quark-level T-matrix element.
In the quark-quark T fi (Fig.2 ) the initial and final constituent momenta are a, b → a , b . It is useful to write the quark-quark T fi in terms of the linear combinations q, p 1 and
For the specific case of one gluon exchange, the complete quark-quark T fi to second-order in three-momenta (suppressing the color factor) is
This follows from taking the matrix element the one-gluon-exchange effective hamiltonian 
In the four overlap integrals that result from taking the two-meson matrix elements of these quark T-matrices (corresponding to the four independent scattering diagrams) we find that p 2 is constrained to equal ± p 1 plus a diagram-dependent shift. These overlap integrals are explicitly (introducing λ ≡ (m −m)/(m +m), and using p ≡ p 1 as an integration variable)
With standard quark model SHO wavefunctions (given in Appendix A) each overlap integral above becomes the quark T fi times a shifted Gaussian. The overlap integrals are then (also assuming elastic scattering in the CM frame, so
The shifts p 0 and q 0 are diagram dependent, and are
Note that the C1 and C2 integrals over p must be carried out before the q integral, since the p 0 shift depends explicitly on q in this case.
These results are for a general quark T fi ( q, p 1 , p 2 ). In this paper we consider the special case of p i -independent quark interactions, corresponding to pure V (r ij ) quark potentials in coordinate space. This simplification is appropriate for the color Coulomb, linear scalar confinement and spin-spin contact hyperfine interactions treated here; the spinspin hyperfine term simply has an additional multiplicative spin factor for each diagram.
This assumption is not valid for the spin-orbit and tensor interactions, which have explicit p dependence; these will be treated in subsequent work. Given a quark T-matrix of the form
we can further simplify the SHO overlap integrals above. This gives
where q 0 for each diagram is given by Eq.(14).
C. Explicit meson-meson T-matrix elements
We will now evaluate these overlap integrals with the quark T fi due to color Coulomb, spin-spin hyperfine and scalar confinement interactions, in Eq. (3) and Eq.(4) and transform these into equivalent low-energy V BB potentials. The specific quark interactions we use are (with color and spin factors removed)
(20)
Spin-spin Hyperfine Contribution
The spin-spin hyperfine contribution is derived using the overlap integrals above and the color and spin matrix elements given in our previous discussion of I=2 ππ scattering [7] .
The results are presented as the meson-meson T-matrix element T
We also define a frequently occurring combination
The results are
Color Coulomb Contribution
The four color Coulomb overlap integrals can be evaluated similarly using the quark color Coulomb T fi in Eq. (20), which gives the results 
Scalar Confinement Contribution
Finally, with the linear scalar confinement T fi we find
D. T-matrix elements for physical BB states
Since the BB and B * B * systems have identical mesons there are constraints on the physically allowed states; these are summarized in Table I . The physical BB scattering amplitudes are diagonal in isospin, since we have assumed equal light quark masses.
To extract these isospin-diagonal amplitudes we evaluate the T-matrix element between identical antiquarks as well as quarks. As noted in Ref. [7] , in this case there is a second set of "symmetrizing" quark line diagrams, with quark lines exchanged rather than antiquark lines. These have the effect of interchanging the final mesons C and D; when added to the antiquark exchange diagrams of the previous section this gives a Bose-symmetric scattering amplitude, satisfying the even-L constraint in Table I . For BB (orBB) the complete I=1 BB elastic scattering amplitude is then
where T fi (AB → CD) is the sum of Eqs.(22-33) of the previous section. Similarly for I=0
BB we find a second, symmetrizing diagram, but with an opposite sign;
This gives a spatially antisymmetric scattering amplitude. Thus I=1 BB is allowed only even L and I=0 BB is allowed only odd L. Another consequence of the relative signs in
above is the relation between Born-order BB potentials in systems that differ only in total isospin,
III. V BB POTENTIALS
A. Potentials from the T-matrix: general formalism
A 2 → 2 T-matrix can be represented as an equivalent Born-order potential operator
, between pointlike particles [12] . The definition of this potential operator is
To evaluate this potential operator for a given T-matrix one can write the meson-meson T fi (AB → CD) as a function of the variables Q = ( C − A), P 1 = ( A + C)/2 and
A power series expansion in the { P i } variables is then performed,
The The leading term T (0) ( Q) in the P i expansion is a function of Q only, and Fourier transforms into a local (static limit) potential that is a function of x 1 − x 2 = r only.
In the cases we consider here T (0) ( Q) is a function of | Q | only, which leads to a local potential that is a function of r only. The relation between T fi ( Q) and V ( r ) is
In this paper we obtain a local V BB (r) potential by Fourier transforming the BB → BB T (0) ( Q), which we obtain from the full meson-meson T fi by changing to the variables { Q, P i } and setting P 1 = P 2 = 0.
B. V BB : individual contributions
Color Coulomb
As an illustration we shall evaluate the I=1 BB potential due to the color Coulomb interaction in the infinite m limit (λ = 1), following which we will simply quote the re-maining results. The I=1 B − B − T fi matrix element we find for λ = 1 with this interaction
This is the sum of Eqs.(26-29) for λ = 1, symmetrized as in Eq.(34). In this case there is an obvious partition into "direct meson" and "crossed meson" scattering contributions;
the direct contributions have a forward-peaked Gaussian in
Since the direct T fi is a function only of Q 2 no expansion in P i is required, and we obtain the potential simply by Fourier transforming;
Evaluation of these integrals is discussed in App.B; the result is
The three contributions in the square brackets are from T1, T2 and (C1+C2) respectively.
The small-r behavior has an obvious interpretation; for r ≡ r bb much less than the wave- 
Spin-Spin Hyperfine
In the limit of large quark mass only the T2 diagram has a nonzero T fi with this interaction, which for I=1 BB is given by Eq.(25) with λ = 1. Since this is a simple Gaussian, the V BB (r) resulting from Eq.(39) is also a Gaussian,
Linear Confinement
The T-matrix elements of the linear confining interaction for I=1 BB are given by
Eqs.(30-33). In the λ = 1 large quark mass limit the forward-peaked part of T fi equals 
We have again grouped terms according to diagram. The first square bracket gives the T1 (quark-quark) term, the second is T2 (antiquark-antiquark), and the third is the rather complicated C1+C2 quark-antiquark term.
As with the Coulomb overlap integrals we could have anticipated some properties of this potential. First, at small r the interaction of two heavy quarks approaches the bare V bb (r bb ) times a color and spin factor of 2/9 (instead of the usualcolor-singlet coefficient 4/3). Thus the T1 potential approaches ((2/9)/(4/3)) · br = br/6 for r << β −1 .
The antiquark-antiquark (T2) and quark-antiquark (C1+C2) potentials again approach finite limits at small r, and give a contact potential of
The largest individual diagram contribution at contact is the positive T2 (antiquarkantiquark) term; the mean antiquark-antiquark separation is larger than quark-antiquark, which gives a larger linear-potential matrix element. However there are two contributing quark-antiquark diagrams, C1 and C2, which give equal contributions; their sum is larger than T2 and opposite in sign, so at contact we find a net attraction. At larger r the sign of this interaction is reversed.
C. V (I)
BB (r) final results
The full I=1 BB potential is given by The BB * potentials require more careful treatment. Just as we found in BB, the BB * T-matrix has forward-and backward-peaked contributions, but they are no longer Table I of [7] ).
System Operator
identical in magnitude; this was required for BB by Bose symmetry at the meson level. It is again useful to associate these with a "direct" BB * → BB * potential (from the forwardpeaked contributions to the T-matrix) and a "crossed" BB * → B * B potential from the backward-peaked contribution, in which there is a B ↔ B * transition at each "crossed-V" interaction. At Born order in S-wave scattering the direct-and crossed-potentials can just be added to give a total effective BB * potential. This total S-wave BB * potential has twice the BB Coulomb and linear potential and +2/3 of the BB spin-spin potential, which makes it identical to the S tot = 2 B * B * potential. The spin matrix elements for the direct and crossed BB * contributions are given in Table II .
IV. DISCUSSION
A. Numerical results for V (I=1)
BB (r)
We show the total V Of course at sufficiently small r the OGE Born approximation will be inaccurate, and the bbqq system will deform to minimize the dominant small-r color Coulomb interaction.
In I=1 the most attractive channel has bb in a color3; this should give a stronger color Coulomb force than our Born result, and with these deformed wavefunctions our Born-
will not be accurate.
The contribution of the linear confining interaction to V (I=1)
BB (r) is not large because there are approximate cancellations between the four diagrams and (unlike Coulomb)
there is no regime in r in which one diagram dominates. We find that the linear contri-
is attractive at short distances, with a contact value of about −50 MeV, and crosses over to a weak repulsion at r ≈ 0.38 fm. At 0.5 fm the linear confining term contributes +7 MeV and at 1 fm it is +6 MeV.
In light-quark hadrons such as I=2 ππ and NN (the core potentials) one finds that the color spin-spin hyperfine term makes the dominant contribution to the hadron-hadron interaction. Here we instead find that at moderate r the hyperfine, linear and Coulomb potentials make comparable contributions. The smaller hyperfine contribution to the BB system follows from the absence of both capture diagrams and one transfer diagram;
these vanish due to the 1/m i m j prefactor in H I Eq.(1). The spin-spin capture diagrams in particular made the largest contribution to the I=2 ππ interaction. We find that the hyperfine contribution to V 
B. Comparison to LGT BB potentials
Several references have discussed the determination of BB potentials using LGT techniques [1] [2] [3] [4] [5] [6] . The most detailed study to date is by the UKQCD collaboration [6] . This For example it will regularize a continuum 1/r term, so that the LGT BB potentials approach finite values at contact, as noted by Stewart and Koniuk [4] . To model lattice resolution effects we introduce a Gaussian-averaged quark model potential, defined bỹ
We choose the smearing length a to be the lattice resolution of 0.18 fm estimated by UKQCD for their LGT results [6] . and in any case we expect the Born result to be inaccurate at small r, because the strong color Coulomb term will dominate.
C. Bound States
Bound meson pairs, known as "molecules", most easily form in channels in which the pair can exist in S-wave. From Table I 
V. CONCLUSIONS
We have calculated the T-matrix and low energy equivalent potentials between pairs of heavy-light mesons, the "BB" system, in the context of the nonrelativistic quark model.
The assumed scattering mechanism is a single interaction of the standard quark model Hamiltonian, with OGE color Coulomb and spin-spin terms and linear confinement. The parameters used were taken from previous studies of meson spectroscopy and HQET matrix elements. This model of the hadron-hadron T-matrix is known from previous work to give a good description of experiment in the analogous light pseudoscalar channels I=2 ππ and I=3/2 Kπ. We carry out the overlap integrals of this interaction with standard SHO external bq meson wavefunctions in closed form, and so obtain analytic results for
(r) in the various allowed channels. These are compared to recent LGT results from the UKQCD collaboration in the channels where this is possible, which are I=0,1,
We find results similar to these UKQCD potentials after lattice smearing, but with a somewhat larger length scale. Our I=1 BB potential however is attractive at small r, which appears inconsistent with UKQCD results.
We find that our quark model potentials are sufficiently attractive to support a bound state in only one channel, I=0 BB * , which has a deuteron-like potential. With pion exchange added, other channels may have sufficient attraction to support bound states.
In future work a more detailed comparison with LGT potentials, especially below 0.2 fm, will be important as a test of the forces assumed in the quark model calculation.
It would also be very interesting to generate LGT BB potentials for large but finite quark mass, so the meson spins could be specified uniquely. One could then compare the LGT and phenomenological BB potentials in all channels unambiguously. Finally, one may extract the spin-dependent (spin-orbit, spin-spin, tensor and so forth) equivalent BB meson channels using using similar techniques, and we anticipate that a comparison with LGT results for these potentials might also be interesting as a test of the nature of spin-dependent "nuclear" forces.
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where the relative momentum variable is a rel = (m a − m ā )/((m +m)/2). The full momentum-space wavefunction is
We normalize this state to
and the individual quark and antiquark states are similarly normalized as
This implies a relative-momentum wavefunction normalization of
The full and relative spatial wavefunctions are related by 
where r = x q − xq.
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